RELATIVE ISOPERIMETRIC INEQUALITY IN THE PLANE: THE 

ANISOTROPIC CASE 



FRANCESCO DELLA PIETRA AND NUNZIA GAVITONE 



Abstract. In this paper we prove a relative isoperimetric inequality in the plane, when 
the perimeter is defined with respect to a convex, positively homogeneous function of 
degree one H : R 2 — > [0, +00 [. Under suitable assumptions on Q, and H, we also charac- 
terize the minimizcrs. 



1. Introduction 

Let fl be an open bounded connected set of IR 2 , with Lipschitz boundary. The classical 
relative isoperimetric inequality states that 

(1.1) P 2 (E]VL) > Cmm{\E\, \£l\E\}, 

for any measurable subset E of fl (see, for example, [13] , [16] , [8] ) . Here \E\ is the Lebesgue 
measure of E, and P(E; fl) is the usual perimeter in fl. Being P(E; fl) = P(fl \ E;fl), 



the inequality (1.1) can be written as 



(1.2) P 2 (E;fl) > C\E\ 

for any E C fl such that \E\ < \fl\/2. 



Natural questions related to the inequality (1.2) are the following: finding the optimal 
constant 

(1.3) L7(^) = inf( jP2 ^;^ ) :0<|E|<i^, E C fl 

I \E\ 2 

proving that it is attained, and characterizing the minimizers. 

First results in this direction can be found in [8] or [16] , where it is proved that C (fl) = - 
when Q is the unit disk in IR 2 , and it is attained at a semicircle. More generally, in [10] the 
author proves that for an open convex set Q of the plane, C(Q) is actually a minimum. 



Moreover, there exists a convex minimizer of (|1.3|) whose measure equals and any 



minimizer E has the following properties: 

(a) dE R Q is either a circular arc or a straight segment. Moreover, neither E nor 
Q \ E is a circle. 

(b) Let T be one of the terminal points of dE fl Q. Then T is a regular point of dQ 
and dE fl Q is orthogonal to dQ. As a consequence, either E or Q \ E is convex. 
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c) If \E\ < ^, then E is a circular sector having sides on dfl. In such there 
exists another minimizer F which is a sector with sides on dfl, having the same 



vertex as E, such that \F\ 



2 



Furthermore, in [TU] C(fl) is explicitly computed under the additional assumption that 
Q is symmetric about a point and also in special cases of convex domains. If r(Q) is the 
inradius of Q, then 



C(fl) 



\n\ 



We refer the reader to [T2] for some extremal problems involving C(Q). 

The purpose of the present paper is to find analogous results when the Euclidean 
perimeter is replaced by an "anisotropic" perimeter. More precisely, if H is an arbitrary 
norm on M 2 , the perimeter with respect to H for a set E C M 2 with sufficiently smooth 
boundary is given by 



P H (E;n) = [ H{v E )dH\ 
JdEnn 



'dEnn 

where "H 1 is the 1-dimensional Hausdorff measure and Ue is the unit outer normal to E 
(see Section 2 for the precise definition). 

We recall that in this setting it is well-known that the following isoperimetric inequality 
holds for any £C1 2 

(1.4) PUE;R 2 ) > 4\W\\E\, 

where W = {(x,y): H°{x,y) < 1} and H° is polar to H (see |2],[XIJ,[I1|,[2],[I2]). More- 



over, the equality in (1.4) holds if and only if E is homothetic to W. We refer to W as 
the Wulff shape. 

Our results can be summarized as follows. Under suitable assumptions on H, we first 
show that an anisotropic relative isoperimetric inequality holds. That is: when Q is an 
open, bounded connected set of M. 2 , with Lipschitz boundary, then there exists C#(f2) > 
such that 

(1.5) C H (n) = inf ( P ^, ; Q) : < \E\ < S E C Q 

[_ \E\ 2 

Then we prove that, for a convex set Q, Cj^(fi) is actually a minimum, there exists 

M 

2 



a convex minimizer of (|1.5l) whose measure equals and any minimizer E has the 



following properties: 

(a) dE n f2 is either homothetic to a Wulff arc (that is an arc of dW) or a straight 
segment. Moreover, neither E nor Q \ E is homothetic to a Wulff shape. 

(/3) Let T be one of the terminal points of dE fl Q. Then T is a regular point of dQ 
and dE D fl verifies the following contact angle condition with dfl: 

(VH{u E ),v a } = 0, 

where and v% are the usual unit outer normal vectors to dfl and dE at T 
respectively. 
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(7) If \E\ < Jy-, then E is homothetic to a Wulff sector (see section 2 for the precise 
definition) having sides on dQ. In such there exists another minimizer 

F which is a sector with sides on dQ, having the same vertex as E, such that 
I PI = M 

r I 2 • 

Furthermore, we explicitly compute C#(f2) under the additional assumption that Q is 
symmetric about a point. Indeed, 

r (n) - 8r ^ n) 



where rff(O) is defined in Theorem 3.6 For example, if f2 is obtained by a rotation of | 
of a level set of if, that is Q = {(x, y) : H(—y, x) < r}, then 

where kh = \{{ x , y) '■ H(x, y) < 1}|. We recover immediately the classical result Ch = 8/tt 
when H is the Euclidean norm. 

The paper is organized as follows. In Section 2 we give the precise definitions of 
anisotropic perimeter and some basic properties. In Section 3 we prove the main result. 
A fundamental argument is to study problem (1.5) by considering the area \E\ fixed. 
Finally, we give some examples. 

2. Notation and preliminaries 

Let H : R 2 [0,+oo[ be a C 2 (1R 2 \ {0}) function such that H 2 (£) is strictly convex 
and 

(2.1) H(t£) = \t\H(£), V£ G M 2 , Vt G R. 
Moreover, suppose that there exist two positive constants a < (3 such that 

(2.2) a|£|<#(£)</3|£l, V(eR 2 . 
We define the polar function H°: R 2 — > [0, +00 [ of H as 

H°(v) = sup 1^ 

where (■, ■) is the usual scalar product of 1R 2 . It is easy to verify that also H° is a convex 
function which satisfies properties (2.1) and (2.2). Furthermore, 

H ^ = sup i^hs- 

&o ti (4) 

The set 

W = {£ G R 2 : H°(0 < 1} 

is the so-called Wulff shape centered at the origin. 

We will call Wulff sector with vertex at the origin the set Anlf, where A is an open 
cone with vertex at (0, 0). 
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The following properties of H and H° hold true (see for example [6]): 

(2.3) # (Vi7°(0) = H°(VH(0) = 1, V£ G R 2 \ {0}, 

(2.4) H°(0VH(VH°(0) = H(0VH°(VH(0) = £, V( G R 2 \ {0}. 

Definition 2.1 (Anisotropic relative perimeter). Let SI be an open bounded set of IR 2 . 
In [3J, the perimeter of F C M 2 in Si with respect to if is defined as the quantity 



The equality 



P H {F; St) = sup | J dwadx: a G C^{Sl; R 2 ), H°[ 
P H (F;Q)= [ H{v F )dU l 



a) < 1 



holds, where d*F is the reduced boundary of F and v F is the unit outer normal to F (see 
0). 

The anisotropic perimeter of a set F is finite if and only if the usual Euclidean perimeter 
P{F;Q) 



P{F; Q) = sup | J div adx: ae C] (fi; 



\<t\ < 1 



is finite. Indeed, by properties (2.1) and ( |2.2 ) we have that 

p a 

and then 

(2.5) aP(£; SI) < P H (E; Q) < f3P(E; SI). 

Remark 2.1. We observe that when dE fl SI is the image of a smooth curve j(t) = 
(x(t),y(t)), t G [a, 6], then P H (E;ST) coincides with the value 

(2.6) C H {l)= [ H(-y'(t),x'{t))dt. 

J a 

By regularity of H, the curve joining two points Pq and P\ which minimizes Ch is 
the straight segment PqP\. This can be shown by classical argument of Calculus of 
Variations. We consider, for sake of simplicity, the curves j(t) = (t,u(t)). Denoting by 
Ch(u) = £#(7), the minimum of the problem 

mm£ H (u), 
u(a) = u a , u(b) = u b} 

is the solution to 

' f t H x (-u'(t),l) = 0, 



u(a) = u a , u(b) = u b . 
Such solution is the linear function passing through P = (a,u a ) and Pi = {b,u b ). 
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Definition 2.2 (Anisotropic curvature (pQ, [6])). Let F C R 2 be a bounded open set with 
smooth boundary, u F (x,y) the unit outer normal at (x,y) G dF, in the usual Euclidean 
sense. Let u be a C 2 function such that F = {u > 0}, dF = {u = 0} and Vw ^ (0, 0) on 
<9F. Hence, v F = — i^r on <9F. The anisotropic outer normal n is defined as 



n F {x,y) = VH{v F {x,y)) = VH 
and, by the properties of H, 

The anisotropic curvature of dF is 

kii{x,y) = div n F (x,y) = div 



(x, y) G dF, 



H°{n F ) = 1. 



VH 



{x,y) G 9F. 



Let (xo,|/o) G <9F. Without loss of generality, we can locally describe dF with a C 2 
function v. ]xo — S,xo + 5[—> R, that is F is the epigraph of v near (xo,yo) = (xo,v (xq)). 
By properties of H, the anisotropic curvature k H (x ,y ) of <9F at (x ,yo) can be written 

as 

k H {xo,yo) = - —H x (-v\t),l) 



dt 



t=x 



Remark 2.2. We stress that if F is homothetic to the Wulff shape W and centered at 
(x , yo), the anisotropic outer normal at (x, y) G <9F has the direction of (x — x ,y — y ). 
Indeed, being F — {(x,y): H°(x — x ,y — y ) = A}, for some positive A, by property ( 2.4[ ) 
it follows that 



n F (x, y) = VH(VH°(x -x ,y- y )) 
See Figure [T] for an example. 



A 



(x -x ,y- y ). 















" — " 




W 



Figure 1. Here H(x,y) = (x 2 /a 2 + y 2 /b 2 ) 1/2 and H°(x,y) = (a 2 x 2 + 
b 2 y 2 ) 1 / 2 . When a ^ b, the usual and the anisotropic outer normal are, in 
general, different. 



G 



F. DELLA PIETRA, N. GAVITONE 



Remark 2.3. Let be F = jW, with A > 0. It is not difficult to show (see, for instance, 
[5], [6]) that the anisotropic curvature at (x,y) G dF is 

k H (x,y) = A. 

3. An anisotropic relative isoperimetric inequality 

Theorem 3.1. Let Q be an open bounded connected set of M? , with Lipschitz bound- 
ary. Then an anisotropic relative isoperimetric inequality holds. Namely, there exists a 
constant C > such that 

(3.1) P%(E;n)>Cmin{\E\,\n\E\}, 
for every measurable set E C Q. 

Proof. The hypotheses made on Q guarantee that a relative isoperimetric inequality holds 
when we consider the usual perimeter P(E;Q) (see [T3],[16j,[10j). Hence the inequality 
(3.1) follows immediately from property ( 2.5[ ). □ 



Our aim is to study, for Q bounded and convex, the best constant in the inequality 



(3.1), that is to find the infimum 



(3.2) C H = inf |q(£) : < \E\ < H E C fij , 

where 

Q(E) = 

to prove that Ch is actually a minimum, and to characterize the minimizers. Furthermore, 
we will find the explicit value of Cjj in some special case. 



If E is a minimizer of (3.2), then E solves also the following problem under volume 
constraint: 

min{P H {F;Q), F C Q and |F| = \E\}. 
The following result characterizes the minimizers of the above problem. 

Theorem 3.2. Let Q be an open bounded connected set ofM. 2 , with Lipschitz boundary. 
Then there exists a minimizer E of the problem 

(3.3) min{P ff (F; fi), F C Q and \F\ = k}, 

with < k < \fl\/2 fixed. Moreover, dE (1 Q is either homothetic to an arc of dW , or a 



straight segment. Hence a minimizer of (3.2), if exists, has the same characterization. 



Proof. The existence of a minimizer of (3.3) follows by the lower semicontinuity of Ph 
(see [3]) using standard methods of Calculus of Variations. 

To prove the result, we proceed by steps. 
Step 1. First, we show that a minimizer E is locally homothetic to an arc of dW, or a 
straight segment. 

Fixed (x ,yo) G dE fl Q, we can locally describe dE D fl with a C 2 function u (see 
[I].[7].[l].[r7]). That is, without loss of generality, there exists a rectangle R =]xq — 
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5, xo + S[xl where E D R is the epigraph of u :]xq — 5, xo + <5[— > /. Moreover, there exists 
A such that u is the minimum of the functional 

rxo+S rxo+S 

J(v)= H(-v'(t),l)dt + X v(t)dt, 

J xq — 5 J xq—8 

with boundary conditions v (xq + 5) = u(xo + 5) and v (xq — 5) = u(xq — 5). The corre- 
sponding Euler equation associated to J is 

( » r , ) -^H x (-v'(t),l) = \, t e)x - S,x + S[, 

v(xq ± S) = u(xq ± S). 



If A = 0, there exists a linear function ii which solves (3.4). If A ^ 0, by Remark 2.3, the 
function u A (t), which describes jdW (up to translation) near x , is a solution of (3.4). 
On the other hand, for any A G M, the regularity on H guarantees that the functional J 
is strictly convex. Hence, u\ = u is the unique solution of (3.4) (see also jS], [TT]). 
Step 2. Now we show that the minimizer has the same anisotropic curvature at any 
point. 

Let us take (xx,yi) and (£2,2/2) m 9E fl Q. As in the step 1, let us consider u\ : B\ = 
]xi — Si, X\ + 6i[—> l\ and m 2 : B 2 =]x 2 — 82, x 2 + fai— > h two functions which locally 
describe dEDfl. Moreover, there exist Ai and A2 such that Ui, for i = 1,2, minimizes the 
functional 

Ji(v)= H(-v'(t),l)dt + Xi v(t)dt, i = l,2, 

JB, JBi 

with boundary conditions v{x i ^siS i ) = Ui(xi ± Si). We claim that Ai = A 2 . This can be 
shown by arguing as in [15J, Theorem 2. We briefly describe the idea, and we refer to the 
quoted paper for the precise details. 

We assume that < Ai < A2. A similar argument can be repeated in the other cases. 

For every A e]Ai, A2[ there exists a function u Pi i which is the unique minimizer to 

/ H(-v'(t),l)dt + X v{t)dt, i = l,2, 

where < p < minj Si and B Pti =}xi — p,Xi + p[, with boundary conditions v(xi ± p) — 
Ui(Xi ± p). 

By convexity of H, a comparison argument shows that u p ^ < u\ in B Pi i, and u Pt 2 > u 2 
in B p 2- Defining 

V Pii = \ui- u Pii \dt, 
it is possible to prove that there exist two suitable positive numbers 7*1 and r 2 such that 

(3.5) V ri ,i = V r2 .2. 

This implies that, defining the set E* as 

E* = [E U (epiu rul n Ci)] \ [C7 2 n{E\ epiw r2i2 )] , 
where C,- = Bj x we have that \E*\ = \E\. 
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Finally, we get that EAE* <e and 
P H (E;n)-P H (E*;n) = 



= / H(-u' 1 ,l)dt+ / H(-u 2 ,l)dt+ 
j H(-u' rul ,l)dt- j H(-u' r2t2 ,l)dt- 

J B r , i J 5 r „ o 



+ A / (m — Ur u i)dt + A / (w 2 - u r2t2 )dt, 

J -B ri ,l J B r2t 2 



where last line in the above equality vanishes, by (3.5). 

By minimality of u ri \ and w r2 ,2; Ph{E; Q) > Ph{E*\ O), and this contradicts the min- 
imality of .E. Hence, Ai = X 2 - 

Step 3. We point out that the claim of Step 2 assure that dE n consists of Wulff arcs, 
all with the same curvature, or straight segments. To conclude the proof of the Theorem, 
we have to prove that E and dE D are connected. This can be shown by repeating line 
by line the proof of Theorem 2 in pU] . □ 

The following property of the minimizers is a direct consequence of Remark |2.1 

Proposition 3.1. Let Q be an open bounded connected set ofM. 2 , with Lipschitz boundary. 
Suppose that E is a minimizer of (3.2). If \E\ < |fi|/2 and dE PI Q is not a straight 
segment, dE C\Q is concave towards E. 

Proof. If \E\ < |0|/2 and dEdfl is strictly concave towards Q\E, we can consider a new 
set E* by adding to E the region of Q between dE R and a straight segment joining 
two suitable points of dE PI fi. Choosing the two points sufficiently near, we get that 
\E\ < \E*\ < |0|/2 and, by Remark |2~Tj P H (E*;Q) < P H (E;Q). This contradicts the 
minimality of E. □ 

Theorem 3.3. Let Q be an open bounded convex set ofM 2 . Suppose that E is a minimizer 
of (3.2), and let T be a terminal point of dE. Then dfl at T is C 1 , and 

(3.6) (n E , m) = 

where n E is the anisotropic outer normal to dE and is the usual unit outer normal to 
dQ at T. 

Remark 3.1. The angle condition is justified by the following natural geometric argu- 
ment. 

Let s: a s x + (3 s y + q s = be a straight line, P = (x , yo) G M 2 \ s. By an immediate 
calculation, the straight segment which minimizes Lu between P and s is parallel to the 
straight line r : a r x + (3 r y = which has to satisfy the following orthogonality condition: 

(3.7) (VH(p r ,ar),(p a ,a B )) = Q. 

Using the notation of Theorem 3.3\ if we consider as r the tangent line to dQ at a 
terminal point T of dEnQ, and as s the tangent straight line to dE at T, then (3.6) and 
(3.7) coincide. 
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Figure 2. Contact angle condition, with H(x,y) = (x 4 + y 4 )± and E is 
nomothetic to the Wulff shape W and centered at (xq, yo). The tangent 
lines to dfl at the contact points have the same direction of the anisotropic 
normal to dE at the same points. 



Proof of Theorem \3.S\ We first assume that dQ is C 1 at T. 

Let us suppose, by contradiction, that (3.6) is not verified. The idea is to construct a 
new set E* such that Q{E*) < Q(E). This will contradict the minimality of E. To do 
that, we need to distinguish three cases. 

First of all, we denote with s the tangent line to dQ at T, and with t and r two half 
line with vertex at T and towards Q such that t is tangent to dE at T and r satisfies the 



angle condition (3.7) with respect to s. 

Case 1. We first assume that \E\ < |fi|/2 and the angle between s and t towards E is 
greater than the one between s and r towards E. We construct the straight segment QQo 
parallel to r joining a suitable point Q G dE fl Q and Qq G s. Being Q convex, we can 
consider the point Q = QQo fl dQ. Denoted by D the closed region delimited by QQ, the 
arc of dE joining Q and T and the arc of dQ between T and Q, let be E* = E U D (see 
figure [3]) . 

We choose Q sufficiently near to T such that \E*\ < \Q\/2. Hence E* has larger area 
than E and, by Remark 3.1 and Lemma 2.1| also smaller anisotropic perimeter. 
Case 2. Now we still suppose that \E\ < |fi|/2, and the angle between s and t towards E 
is smaller that the one between s and r. We construct the straight segment QQo parallel 
to r joining a suitable point Q E t and Qo G s, the point Q = QQo fl dQ and the set D as 
the intersection between the triangle QTQq and E (see figure |4j). We define E* = E\D. 

We show that, for a suitable choice of Q, 



(3.8) 



\E\ 



> 



\E* 



Differently from the case 1, inequality (|3.8|) is not obvious because E* has both smaller 
a. Hence, we e: 
P H (E;Q), 5A 



perimeter and area. Hence, we explicitly calculate the right-hand side in (3.8). Denoted 
by A 



El P 



D 



\E\ - \E*\, 5P = P H (E;Sl) -P H (E*;Q), the 
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E 



Figure 3. Case 1, construction of E* 




Figure 4. Case 2, construction of E* 



inequality (3.8) becomes 



Denoting by I^h = Cg(ji) and 1 2 ,h = £#(72), where 71 and 72 are the curves which 
represent TQ and QQo respectively it is easy to prove that 

h >H = l 1 -H(-/3 1 a) = l 1 C 1 , 

where h and (a, 0) are respectively the usual lenght and the direction of TQ, and 

k,H = h ■ H(—{3 r , a r ) = I2C2, 

where Z 2 and (a r ,(3 r ) are respectively the usual lenght and the direction of QQo- Observe 
that by construction, 1\h > h,H- 
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Figure 5. Approximation in case 2. 



We first show (3.9 ) replacing SP with SP = 1\h ~ h,H and 5 A with 5 A = 5 A + A\ + A 2 , 



where A\ and A 2 are the measures of the sets as in figure [5] 
By elementary properties of triangles, 

(P - SPf (P- hCi + hC 2 f (P-h (d - %$C 3 )) 



A-SA A-hl 2 sin( 7 + ■&) A-lj s ^ sin( 7 + 0) 
The function / is strictly decreasing in the interval [0, C], with 



C 



A C X -C 2 S ^ 



which is strictly positive, being Zi # > Z 2 ,h- This implies that, for Zi < C, 



(3.10) 



P 2 (P - 5Pf 
~A ' A-SA ' 



On the other hand, by Remark |2.1| we get 

5P > SP. 



Hence, being obviously 8 A > SA, by (3.10), it follows (3.9) for a suitable choice of Q. 
Case 3. Finally, if \E\ = |fi|/2, we can both consider, as minimum sets, E and Q\ E. 
Hence, if the angle condition is not verified, we can suppose, without loss of generality, 
that the lines r, s and t verify the hypotheses of case 2. 

If BE R Q is a straight segment, or it is strictly concave towards E, we can repeat line 
by line the same argument of case 2. Otherwise, if dE Pi Q is strictly concave towards 
fl\E, proceeding as in case 1 we construct the straight segment QQo, and another straight 
segment BC joining two suitable points of dE fl Q. Let D\ and D 2 be as in Figure [6j 
and define E* = (E \ D x ) U D 2 . Choosing B,C and Q in such a way that \E\ = \E*\, 
since Ph(E*; fl) < Ph(E; fl) we obtain a contradiction, and the proof of the Theorem is 
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completed when T is a regular point of dfl. Finally, we show that BE R £1 cannot join dQ 




Figure 6. 



at a non regular point. 

By contradiction, suppose that dQ is not regular at T. By convexity it has different 
right and left tangent straight lines, that we denote by Si and s 2 respectively. 

Clearly, the tangent line t does not satisfy the contact angle condition with both s\ and 
s 2 . So we can repeat the arguments just considered by replacing the straight line s with 
Si or s 2 , and obtaining a contradiction with the minimality of E. □ 

Proposition 3.2. Let Q be an open bounded convex set ofM. 2 , < k < \£l\/2, and set Ek 
be a minimizer of problem 

mm{P H (F; fi),Fctl and \F\ = k}. 

We have the following properties: 

(1) neither Ek nor Q\Ek is homothetic to a Wulff shape; 

(2) if k < \fl\/2, and T\ and T 2 are the terminal points of dEk PI Q on dQ, then the 
left and right tangent straight lines at T\ to dfl do not make a cone towards Q\Ek 
with the analogous lines at T 2 . 

(3) if k < \fl\/2 and dE k HQ is not a straight segment, dE k HQ is concave towards 
E. 

Proof. We prove the three properties by contradiction with the minimality of E k , finding 
a set with same area and smaller perimeter. 

Let Ek or Q \ Ek be homothetic to a Wulff shape. Since the perimeter Pu(Ek]£l) is 
invariant up to translations in Q, we can suppose that dEk touches at least at one (regular) 
point P G dQ, and there exists a small ball Bp centered at P such that Bp (1 dEk <jL dfl. 

We stress that in P the contact angle condition cannot hold. Indeed i>E k {.P) = ^a(P), 
and by (3.6) and the homogeneity of H we should have that 



= (n Ek (P),MP)) = (VH(MP)),m(P)) = H(u n (P)), 
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so vq = and this is absurd. Then arguing as in case 3 of the proof of Theorem 3J3 being 
Ek (or Q\Ek) strictly convex we can add and subtract two small regions in order to get 
a new set with the same area and smaller perimeter (see Figure [6]). This proves ([!]). 

Property ^ easily follows by the convexity of fi. Indeed, if E^ has measure smaller 
than |f2|/2 and does not verify ([2]), we can do a suitable translation dE\ of dE^ towards 
the vertex V of the cone in M. 2 , in such a way that the set E bounded by dE^nfl towards V 
and <9f2, has measure k and smaller perimeter than in VL (see figure [7]). This contradicts 
the minimality of E\~. 




Figure 7. 



Finally, suppose that dE/. is concave towards fl \ E^. By property (|2]), the tangent 
straight lines at terminal points of dE% PI Q either make a cone towards Ek or are parallel. 



As in Proposition |3.1[ in both cases we can add a small region to E^ in order to decrease 
the perimeter and, similarly as in the proof of property (|2]), with a suitable translation of 
dEk n f2 towards the vertex of the cone, keep fixed the area |-Ejt|. This proves property 
@. □ 



In order to prove the existence of a minimizer of (3.2), we need the following technical 
lemma. 

Lemma 3.1. Let [i: ]0,+oo[— > IR be a lower semicontinuous function. Suppose that for 
any k > there exists > such that 

(3.11) v{k + 6) <fx{k), for any 5 G [OA]- 
Then fi is decreasing in ]0, +oo[. 

Proof. By contradiction, suppose that there exist k\ < k 2 such that 

(3.12) fi(kx) < fi(k 2 ). 
Define <p(k) as 

{/i(fci) if k < ki, 
/i(k) if ki < k < k 2 , 
H(k 2 ) if k > k 2 . 
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The function (p is lower semicontinuous, and for any k there exists 5k > such that 
<f(k + 5) < f(k), for any 5 G [0, 5k\. Hence, we can define 5 > as 

8 = sup{<5 > 0: ip(ki + 5) < yj(fci)}. 



If 5 = +oo, then (f(k 2 ) < ^p(ki), and this contradicts (3.12). Hence, suppose that 5 < +oo. 
Being (p lower semicontinuous, 5 is actually a maximum: 

tp(ki + 5) < liminf (p(k± + 5) < ^p(ki). 

<5-><5 

But this contradicts the definition of 5. Indeed, by the property of <p we can take 5 > 5 
such that cp(ki + 5) < <p(ki + 8) < (p(ki). Hence, necessarily /x(/ci) > fi(k2), and the proof 
is concluded. □ 

Theorem 3.4. Let Q be an open bounded convex set ofM 2 . Let [i(k) be the function 
defined in ]0, \ fl\/2] as 

(3.13) n(k) = min ( Pg( ^f - — , FcO and \F\ = 



k 

Then, we have the following results hold: 

(1) fi(k) is a decreasing lower semicontinuous function in ]0, |fi|/2], 

(2) the sets which minimize (3.13) verify the contact angle condition. More precisely, 
they verify the thesis of Theorem 3.3[ 

Proof. We first prove that the function [i is lower semicontinuous in ]0, |^|/2]. 

Let be k e]0, |Q|/2], and take a positive sequence k n such that k n — > k. Consider 
E n C Q such that \E n \ = k n and /i(fc„) = Q(E n ) = k~ x Pjj{E n ; Q). By Proposition 3.2, E n 
is convex. Hence, by the Blaschke selection Theorem (see [18J, page 50) E n converges (up 
to a subsequence) to a set E in the Hausdorff metric. Being E n convex and bounded, then 
Xe„ Xe in L l (Q) strongly, and \E\ = k. Using the lower semicontinuity of P#( • ; Q) 
(see 0) we get 

fj,(k) < Q(E) < liminf ^^f"'^ = liminf n(k n ). 

n k n n 

In order to prove that \x is decreasing, let be k e]0, |Q|/2[ fixed and consider Ek, \Ek\ = k 
such that fj,(k) = Q(Ek). 

We claim that there exists a positive number 5k and a family of sets Ek(5) , < 5 < 5k 
with continuously increasing area and Q(Ek(5)) < Q(Ek). Then 

(3.14) K\E k (S)\) < Q(E k (5)) < ti(k), 5 e]Q,5 k ]. 



Being fi lower semicontinuous in ]0, |0|/2], by Lemma |37T this is sufficient to show that fi 
is decreasing. 

By Theorem 3.2, dEk fl is a straight segment or a Wulff arc, and by property Q of 
Proposition 3.2, it has two terminal points Tj on dQ. We suppose that such points are 
regular for <9f2, so that by property d2l) Proposition 3.2, the tangent lines to <9fi, Sj at 
Tj either are parallel or make a cone A towards Ej.. In the first case, the claim follows 
immediately by the convexity of Q and making a suitable translation of dEk- Hence, we 
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consider the second case, and suppose without loss of generality that si fl S2 = (0,0). 
Moreover, by property ^ of Proposition 3.2 dE k fl Vt is a straight segment, or concave 
towards E k . 

We need to distinguish two cases for the shape of Q. 
Case 1. dE k fl dVt is not contained in dA. 

We set C(6), 5>0, the region bounded by (1 + 5)dE k and dA, and E k (6) = C{5) n tt. 
For sake of simplicity, we define C(0) = C. 

Let Ai(6) be the boundary point of dC(5) fl A on Sj. Moreover, let be -Bj(5) = 9fi fl W{, 
where Wi is the tangent line to dC{5) at Ai(5). (see figure |8]). 



A a (J) 




Figure 8. 

Now we compute area and relative perimeter of E k (5). Observe that the triangles Di 
of vertex Ai(S), Bi(S) and have area \Di\ — o(5). We have: 



\E k {6)\ > \E k \ + (\C(5)\ - \C\) + o(5) = \E k \ + 2S\C\ + o(5) 



and 



P H {E k (S); Q) < P H (C(5); A) = (1 + 5)P H (C; A) = (1 + 5)P H (E k ; Q). 
It follows that 



(3.15) -[Q(E k (5))-Q(E k )}< 
o 



< - 5 Q{E k ) 



- 1 



\E k \ 
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Since l-E^I < \C\, then for 5 sufficiently small we obtain that the left-hand side of (3.15) is 
negative. This proves ( |3~l4l ), and hence Q, if T { are regular points of dfl. If for example, 



Ti is not a regular point, we can repeat the arguments just considered by replacing si 
with the left or right tangent straight line. 

Now we prove (|2]). In order to fix the ideas, we consider the regular point 7\ and the 
straight line r which verifies the contact angle condition with s\. Let a op t be the angle 
between si and r towards E k , and a the corresponging angle between dE k fl fl and si 
towards Ek. Suppose by contradiction that a ^ a opt . 



If a < a op t, then the construction made in the proof of case 2 of Theorem 3.3 allows to 



take E* such that \E*\ < \E k \ and Q(E*) < Q(E k ), and this contradicts the monotonicity 



of p. If a > a opt , and dE k fl f2 is a Wulff arc, as in case 3 of Theorem 3.3 we can add and 
subtract two sets in order to decrease the perimeter and to preserve the area, contradicting 
the minimality of E k . In the case that dE k fl fl is a straight segment, we can add a small 
region to E k in order to decrease the perimeter and with a suitable translation, keep fixed 
the area \E k \. 

Finally, 7\ cannot be a singular point for dfl. Otherwise, similarly as observed at the 



end of the proof of Theorem |3.3| and proceeding as above, we get a contradiction with the 
minimality of the minimizer. 

Case 2. dE k fl dfl is contained in dA, that is E k = C . 
Define E k (X) = XE k , A > 0, and r > such that 

X max = max{A > 0: E k (X) fl dfl C dA}. 

First, we prove that at the terminal points of dE k D O it holds the contact angle condition 



In order to fix the ideas, we consider the regular point T\ e dfl and the straight line r 
which verifies the contact angle condition with si. Let a op t be the angle between si and r 
towards E k , and a the corresponging angle between dEkHfl and s± towards E k . Suppose 
by contradiction that a ^ a opt . 



Case 2-a Let be A max > 1. Reasoning as in the proof of Theorem |3.3[ we find E* such 
that Q(E*) < Q(E k ), with \E k \ — \E*\ sufficiently small. Then there exists p > such that 
\pE*\ = p 2 \E*\ = \E k \, and Q{pE*) = Q(E*) < Q(E k ). This contradicts the minimality 
oiE k . 

Repeating the same argument for T 2 , we have that the terminal points of dE k fl fl have 
to verify the angle condition, that is E k is homothetic to a Wulff sector W fl A. 
Case 2-b Let be A max = 1. Then, as < A < A max , the set XE k is such that Q(XE k ) = 
Q(E k ). Thanks to case 2-a, we have that p(\XE k \) is attained at a Wulff sector, namely 
the set (AW) DA— (XW)nQ, for A > such that \XE k \ = \{XW) n A\. Hence p{\E k \) = 
Q((XW) nn)< Q(E k ). Define 

(3.16) imax = max{7 > 0: (jW) fl fl is homothetic to a Wulff sector}. 

We have that jmax is finite and {■jmaxW n 0| < \E k \. Otherwise, there exists 7 < •jmax 
such that \jW n tt\ = \E k \ and Q(jW n ft) = Q(XW n fl) < Q(E k ), and this is a 
contradiction. 
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As matter of fact, the homogeneity of H and (2.4) imply, for £ G dW, that H(i>w{Q) = 
(vw (£),£)■ Moreover, for £ G cM, (z^a (£))£) = 0- Hence by the divergence Theorem we 
get that, for 7 > 0, 

(3.17) P H ( 1 W-A) = 2 1 \Wr\A\. 

Define E($) — ft fl [("/max + S)W], and As the cone made by the two half-straight lines 
sf, i = 1,2 with origin at (0, 0) and passing through one of the two terminal points of 

d[E(5)nn}. 

By Q3.17 ) and the convexity of f2, we get, for an appropriate 5, \E(6)\ = k and 

Q(E(5)) < i\W n A s \ < A\W nA\ = Q(i max W) < Q(E k ). 

Then dE^ must verify the contact angle condition at each T iy and this concludes the case 
2-b, and ([2J is proved. 

In order to prove ( |3.14[ ), and hence Q, we observe that from Q, — (XW) fl Q, 
for some A > 0. Let jmax as in (3.16), and suppose that 7 max = A, otherwise ( |3.14[ ) 
is immediate, being Q(Ek) = Q(lW fl Q), for any < 7 < •y ma x- Defining E(5) = 
^ H [(7 m ax + S)W] and reasoning as in case 2-b, we get (3.14). 

Finally, the regularity of Tj on dQ follows exactly as in the case 1, and the proof is 
completed. □ 



Remark 3.2. We observe that if E is a minimizer of (3.2), and \E\ < \Q\/2, then E 
is homothetic to a Wulff sector with sides on dQ. Otherwise, arguing as in case 1 of 
the proof of Theorem 3.4, we construct a new set E* with Q(E*) < Q(E). Hence, 
E 



E(X) = A n (XW) with sides on dSl. Being 

Q(E(p)) = A\W n A\, Vp:\E(p)\< 



|0| 

T 



where E(p) = A fl {pW), there exists another minimizer F which is a Wulff sector with 
sides on dQ and \F\ = \Q\/2. 

Now we are able to prove the main result. 

Theorem 3.5. Let fl be an open bounded convex set ofM 2 . Then there exists a convex 
minimizer of problem (3.2) whose measure is equal to \fl\/2. More precisely, either a 
minimizer E of (3.2) has measure \ fl\/2, or E is homothetic to a Wulff sector with sides 
on dfl. Finally, it verifies the contact angle condition. 

Proof. Let p defined as in the above theorem and, being p decreasing in ]0, |f2|/2], it 
attains its minimum at k = \Q\/2. 



Now we are able to prove that (3.2) has a minimum. Let E be such that \E\ = \ fl\/2 
and p(\fl\/2) = Q(E). Let E n , n G N be a minimizing sequence of problem (3.2), that is 

limQ(£ n ) =C H , < \E n \ < \fl\/2. 

n 

Without loss of generality, we may suppose that, for any n G N, Q(E n ) = p{\E n \). 
Otherwise, we replace E n with the minimizer of problem (3.3) with volume constraint 
k = \E n \. Then 

C H < Q(E) = p(M/2) < p(\E n \) = Q(E n ). 
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Passing to the limit, 



and E is a minimizer of (3.2), whose boundary in Q is a straight segment or a Wulff arc. 



From the proof of Theorem 3.4 it follows that if E is another minimizer of (3.2) with 



\E\ < |^|/2, then it is a Wulff sector with sides on <9f2. Recalling Theorem 3.3, the result 



is completely proved. □ 
In the following theorem, we characterize the minimizers for centrosymmetric sets, and 



find the constant Ch in (3.2) 



For sake of simplicity, if T is a point in Mr, we put Lh(T) = £#(7), where Ch is defined 



in (2.6), and 7 is a curve which represent the straight segment OT joining T with the 



origin O. We observe that if T = (x,y), then L H {T) = H(—y,x). 

Theorem 3.6. Let Q CM 2 be a convex bounded set, symmetric about the origin O. Then 



a minimizer of (3.2) is a set E whose boundary inVt is a straight segment passing through 



the origin and such that Ph(E; f2) = 2r# ; where r# = r#(f2) = minTedn Lh(T). Hence, 



C 



ir 



H 



Proof. The first step is to prove the existence of a set E enjoying the properties of the 
statement. Let us consider the set 

B(r H ) = {(x,y) E R 2 : L H (x,y) < r H }. 

Then dB(ru) meets dQ at least at two symmetric regular points T 1; T 2 . We observe that 
in Tj the contact angle condition is satisfied. Indeed, the anisotropic outer normal to the 
straight segment OTj is n E (Ti) = V ' H(—yi,Xi), where Tj = (xj,?/j), i = 1,2. Denoted by 
z'fi(Tj) the unit outer normal to dVL at Tj, being ^n(Tj) = (H y (—yi,Xi), —H x {—yi,Xi)), we 
have (n E (Ti),v n (Ti)) = 0. 

We show that TiT 2 is the boundary in Q of the required set E, and Q{E) = -pp. 



By Theorem 3.5, there exists a convex minimizer of (3.2) whose measure is |^|/2, which 
is a straight segment or a Wulff arc. If we show that Ph(E; Q) < Ph{E] where F is 
a open convex subset of Q such that \F\ = |fi|/2 and dF D Q is a straight segment or a 
Wulff arc, we have done. 

Clearly, any straight segment passing through the origin bounds in Q a set with greater 
perimeter than E and with same area |fi|/2. We do not consider the straight segments 
which not contain the origin, because they bounds in Q sets with measure different from 
|f2|/2. Hence we can suppose that dF fl Q is a Wulff arc. 

Obviously, O $ dF, otherwise \F\ 7^ \Q\/2. More precisely, denoted by Pi and Pi the 
terminal points of dF fl Q, we get that O G F \ G, where G C F is bounded by dfl and 
P1P2, otherwise |0|/2| < \G\ < \F\, and this is impossible. Hence we can consider the 
straight segments in F, OP\ and OP2, and it is not difficult to show that 

P H (F; Q) > L H (P X ) + L H (P 2 ) > 2r H = P H (E; Q), 

and this concludes the proof. □ 
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Remark 3.3. If Q = {(x,y): H(—y,x) < r}, i.e. Q is obtained by a rotation of | the 
r— level set of H, then Theorem |3.6| gives 

C H 



]r 2 



|f2| 

where Kh = \{{x,y)' H(x,y) < 1}|. Observe that any straight segment passing through 
the origin and joining the boundary of Q bounds a minimizer. 

In particular, if H(x, y) = H°(x, y) = (x 2 +y 2 ) 1//2 , we recover the classical result Ch = - 
(see for instance [16].[T0]). 



4. Some examples 
Here we apply the results just obtained to some particular function H. 
Example 4.1. Let H(x,y) defined as 

i 

,2 > 



_ + y_ 

a 2 b 2 



H(x,y) = 

An immediate calculation gives that 

H°(x,y) = (a 2 x 2 + b 2 y 2 )K 

^r}, then = {(x, y) : H(-y, x) < and 



If is the ellipse f2 = {(x, y) : H°(x, y] 

\n 



7T7_ 

ab 



By Theorem 



3.6 



and Remark 



3.3 



we have 



(4.1) 



P 2 (E;tt)>—\E\, VEctt:\E\< 
nab 



irr 
2a~b' 



Moreover, the equality in ( |4.1 ) holds if and only if dEDVl is any straight segment passing 
through the origin (see Figure [9J . 

We observe that if we compute Ch for the ellipse fl\ = {(x, y) : H(x, y) < r}, with for 
example, a > b, then the smaller axis of the ellipse (in the usual sense) is the boundary 



of the only minimizer of (3.2) (see Figure |9j), and the constant Ch is 

8 b 2 



C 



H 



irab a 2 

We point out that the above result for Q can be obtained directly by the classical 
relative isoperimetric inequality for the Euclidean perimeter. Indeed, the anisotropic 
relative perimeter of a smooth set E, whose boundary is described by (u(t),v(t)), with 
t E [a, (3], is 



(4.2) 



Ph{E;Q) 



H(—v', u) dt 



(v'Y ( 



A2 



b 2 



dt. 



Defining w = au and z = bv, the curve (w(t),z(t)) describe the boundary of the unit 
Euclidean disk B r with radius r and centered at the origin. By changing the variables in 
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Figure 9. In the first figure, fli is a level set of if, and the straight segment 



is the boundary of the only minimizer of (3.2). In the second figure, Q is a 
level set of H°, and any straight segment passing through the origin is the 
boundary of a minimizer. 



(4.2), we get 



i 



p n z 'Y (w') 2 Y 2 , l „ , i 



+ b>6r dt = -P(E,B 1 )>-J-\E\-* = x —\E\-i 



~,i / o , „, 1 



a 2 b 2 a 2 b 2 J ab ' ab\ n V vrafo 

where is the set obtained by E after the change of variables. Being \E\ = ab\E\, we get 



Finally, the characterization of the minimizers is a direct consequence of the fact that in 
the classical relative isoperimetric inequality, the minimizers are the diameters. Hence in 
this case we get the relative anisotropic isoperimetric inequality by a linear trasformation, 
as a consequence of the classical relative isoperimetric inequality. 

Example 4.2. Now suppose that 

H{x,y) = (\x\* + \y\*)i. 

where 2 < p < +oo and p' = Hence, we have H°(x, y) = (\x\ p + \y\ p )p' . 

Let us consider Q = {(x,y): \x\ p + \y\ p < r p }. Being Q invariant by |— rotations, by 
Theorem 13.61 and Remark 13.31 we have 

P%{E; Qi) > —\E\, VEcn:\E\< 

kh 2 



where kh = \{(x,y) : H(x,y) < 1}|, and any straight segment passing through the origin 
bounds a minimizer. 



Example 4.3. Let H be defined as follows: 

H{x } y) = 



{\x\ p + \y\ p ) 1/p ifxy>0, 
(\x\ q + \y\ g ) 1/q ifxy<0, 
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with p > 2, q > 2 and p > q. Let us consider Q = {(x, y) : H(—y, x) < r}. Then 

C H = C H (Q) = — . 

We stress that if fli = r{(x,y) : H(x,y) < r}, then easy computations give that 
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_4p q , 



Observe that Cjj(tt) > Ch(&i) (compare Figure 10). 




Figure 10. Example |4.3 The solid line represents a level set of H, while 
the straight segment is the boundary of the only minimizer of (3.2). 



Example 4.4 (A non-regular case). Let us consider H(x, y) = max{|x|, \y\}. The singular 
behavior of H does not allow to apply the previous results. Then, in order to prove 
the anisotropic isoperimetric inequality relative to Q with respect to H, we argue by 
approximation. 

Let be = {(x,y): max{|x|, \y\} < r}, and H p (x,y) = (\x\ p + |y| p ) 1 / p . For any set 
E C £1 such that \E\ < 2r 2 , we have 



(4.3) 



PUE-n)>2\E\ 



and the best constant is reached by a rectangle whose boundary in Q is the straight 
segment joining (— r, 0) and (r, 0) (or (0, — r) and (0,r)). We can pass to the limit as 
p —> +oo in (4.3), obtaining 

(4.4) P 2 H (E] Q;) > 2\E\, C SI: \E\ < 2r 2 . 

Any straight segment passing through the origin and joining the boundary of Q bounds 



a minimizer. Unlike the case of H smooth (compare Remark 3.3), such sets are not the 
only minimizers. 



For example, in Figure [12] some minimizer is represented. Indeed, if dE is described by 
a Lipschitz function u(t), t G [a, b], the perimeter is 

r-b 



Ph(E;Q) 



max{l, | — u'(t)\}dt. 
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(-1,0) 




(1,0) 



Figure 11. Example WA 



Then in the picture on the left-hand side of Figure 12, the perimeter of E is 2r and 
\E\ — 2r 2 . Moreover, in the other picture any triangle E such that dE fl f2 is a straight 
segment parallel to a diagonal is a minimizer. 




Figure 12. 
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